In many situations the times between certain events are observed and monitored instead of the number of events themselves, particularly when the events occur rarely. In this case it is common to assume that the times between events follow an exponential distribution. Control charts are one of the main tools of statistical process control and monitoring. Control charts are used in Phase I to assist operating personnel in bringing the process into a state of statistical control. In this paper, Phase I control charts are considered for the observations from an exponential distribution with an unknown mean. A simulation study is carried out to compare the in-control (IC) robustness and out-of-control (OOC) performance of the proposed chart. It is seen that the proposed charts are considerably more IC robust than two competing charts and have comparable OOC properties.
Introduction
A control chart is a very useful statistical tool used to distinguish between common and special causes of variation. In the literature, two phases of control charting practice have been discussed. In Phase I, a set of process data is gathered and analyzed all at once in a retrospective analysis, constructing trial control limits to determine if the process has been in control over the period of time where the data were collected, and to see if reliable control limits can be established to monitor the future production process. Control charts are used primarily in Phase I to assist operating personnel in bringing the process into a state of statistical control. In Phase II, we use the control chart to monitor the process by comparing the sample statistic for each successive sample as it is drawn from the process to the control limits. The Phase I or the retrospective phase is an important component of an overall control charting and monitoring regime where the objectives are somewhat different from the Phase II or the monitoring phase. The reader is referred to Chakraborti et al. 1 for an overview of Phase I control charts.
In many situations the time between certain events are observed and monitored instead of the number of event occurrences, particularly when the events occur rarely. In this case it is common to assume that the times between events (TBE) follow an exponential distribution. Montegomery 2 recommends that the times between failures be monitored with regard to the quality of the process. Several TBE control charts have been proposed in the literature [3] [4] [5] . Liu et al. 6 compare some of these charts including the CUSUM and EWMA charts. Some authors suggest applying the regular Shewhart charts after a transformation of the data 7-9 . Jones and Champ
10
emphasize the early stage process improvement activities when failures occur according a homogeneous Poisson process. Jones and Champ 10 They also addressed the seriousness of the problem when the Phase I control chart is used to control the individual false alarm rate and suggested that the Phase I control charts should be designed to control the overall false alarm rate (probability) and not the individual false alarm rate.
Robustness is an important desirable property of a control chart so that the IC chart performance is stable. If a control chart is not IC robust, its performance properties become somewhat pointless. Robustness of control charts has been discussed by many authors [11] [12] [13] . Dovoedo and Chakraborti 13 examined the robustness Jones and Champ 10 charts and proposed new Phase I control charts based on a modified box-plot for individual observations from an exponential distribution with an unknown mean, so that the overall false alarm rate is controlled at a given nominal value. In this paper, we improve on these charts further and consider new Phase I control charts for observations from an exponential distribution with an unknown mean.
The key idea is that since the proposed charts are constructed from the median of the data, the resulting control limits are expected to be more IC robust than those proposed by Jones and Champ 10 , which are based on the mean, in the presence of one or more OOC observations. The paper is structured as follows: In Section 2, the control limits for the onesided control chart are proposed. The control limits for two-sided control chart are developed in Section 3. A simulation study is carried out to compare the in-control robustness of the proposed procedure with the Jones and Champ 10 and Dovoedo and Chakraborti 13 procedures in Section 4 and is compared the OOC performance in Section 5. In section 6, a numerical example is given for illustration and the concluding remarks are made in Section 7.
The One-sided control chart
Suppose that the events in a process occur according to a homogeneous Poisson process with a constant failure rate. Under this assumption, the times between two consecutive failures are independent and follow an exponential distribution. Further suppose that there are n random times between failures, denoted by X i , i = 1, . . . , n. Assume that these random variables X 1 , . . . , X n are independent and follows an exponential distribution with an unknown mean µ 1 , . . . , µ n respectively. The process is IC at time i when µ i = µ (unknown). LetX = (1/n) X i denote the sample average and let α denote the overall false alarm rate. Jones and Champ 10 proposed the following one-sided control chart to maintain the overall false alarm rate at a nominal level α 0 .
Let X (1) , . . . , X (n) be the ordered observations and let X (l) , X (m) , X (u) denote the first, the second and the third quartile, respectively. Dovoedo and Chakraborti 14 use the following definition for the indices l ,m, and u: m = ceil(m/2); l = f loor(m/4) + 1 if mod(m, 4) = 0 and l = f loor(m/4) otherwise, where ceil(a) denotes the smallest integer greater than or equal to a, f loor(a) denotes the largest integer less than or equal to a, and mod(a, b) denotes the remainder in the division of an integer a by an integer b; u = m − l + 1.
Motivated by a boxplot, Dovoedo and Chakraborti 13 proposed the following lower control limit and the center line for a one-sided chart for the same problem.
The constant k l is called a fence constant, which is determined to control the overall false alarm rate at some nominal level α 0 . Thus k l is found such that
where
) and z (i) denotes the value of Z (i) , the ith order statistic of a random sample of size n from the distribution of the standardized exponential random variable Z = X/µ. Dovoedo and Chakraborti 13 suggested the lower control limit based on the spacing between the median and the first quartile, X (l) and X (m) . As the observation X (l+1) is expected to be mostly affected directly by its predecessor X (l) , we consider a new lower control limit for the one-sided chart, based on the the spacing between these two order statistics, as
For a given nominal value α 0 the new fence constant k 1 is obtained from the following equation, which is the overall false alarm rate, that is the probability of the event that at least one observation falls below the lower control limit when the process is IC.
Note that the above equation may be re-written as
Now denoting
The fence constant k 1 for the new procedure can be obtained as
It turns out that the statistic T 1 is a particular case of Dixon's (Dixon 15 ) statistic. Likes 16 obtained its distribution for testing outliers in an exponential sample, which is given in the appendix. Thus, the IC distribution of the statistic T 1 can be simply obtained by substituting suitable quantities (s = l + 1, r = l, q = m, p = 1) in the statistic (A.1)and its distribution (A.2). This is given by
Since equation (6) may be written as
with t 1 = 1/k 1 . The new fence constant can be obtained using (7). Thus for a fixed nominal value α 0 , equation (8) can be solved numerically (using, for example, the solve function in MATLAB), where F T 1 (t 1 ) is given by (7) . Once the fence constant k 1 is found, the lower control limit of the proposed one-sided control chart can be constructed by using equation (4) . The values of the fence constant k 1 for some selected values of n and some typical values of the overall false alarm rate α 0 are presented in Table 1 .
The two-sided control chart
Jones and Champ 10 give the approximate lower and upper control limits to maintain the overall false alarm rate at the nominal level α 0 as follows:
where the F -distribution has numerator and denominator degrees of freedom 2(n−1) and 2; and τ satisfies 0 < τ < α 0 /n.
For the same problem, Dovoedo and Chakraborti 13 proposed the two-sided control limits, for a given nominal value α 0 ,
We propose new control limits for two-sided control chart based on the spacing X (u) − X (u−1) and X (l+1) − X (l) as the observation X (u) is most affected by X (u−1) and X (l+1) by X (l) . Hence the proposed two-sided control chart is given by
The fence constants k 1 and k 2 may be obtained using the following statistics
The IC distribution of T 1 is given by (7). The statistic T 2 and its IC distribution can be obtained by replacing s = u, r = u − 1, q = m and p = m in equations (A.1) and (A.2). This is given by
Thus the overall false alarm rate is given by
Hence for a nominal value α 0 of the overall false alarm rate, the fence constants k 1 and k 2 are obtained such that
that is
Using the property of the exponential distribution, it can be seen that the events Pr[T 1 < 1/k 1 ] and Pr[T 2 < 1/k 2 ] are independent but are not disjoint. Hence (14) may be written as
Thus, one way to find the constants k 1 and k 2 from (15) is to make the term (15) Table 2 for some selected values of n and the overall nominal false alarm rate α 0 .
Comparison of IC robustness
Here, we first investigate the IC robustness of the one-sided control charts to the assumption of the underlying exponential distribution via simulation. Similar comparisons are then done for the two-sided charts. The IC robustness is an important attribute of a control chart and should be investigated thoroughly since in practice the underlying distribution may not be exactly exponential. The more robust the control chart, the more confidence the user has on the advertised false alarm rate associated with that control chart. Without the assurance of a robust false alarm rate, the performance of a control chart in detecting changes by a OOC signal becomes somewhat meaningless.
The simulation study is modeled after Dovoedo and Chakraborti 13 . For this, we consider two slightly more and two slightly less skewed distributions than the exponential distribution. The two more skewed distributions are the Gamma (1.1,1 ) and the Gamma(1.2,1) and the two less skewed distributions are the Gamma(0.8,1) and the Gamma(0.9,1), respectively. The results in this section are based on 100,000 simulations with a sample of n = 20 observations. The results for the one-sided control charts are reported in the Table 3 .
From Table 3 , it is seen that in almost all cases, the empirical overall false alarm rates for the Jones and Champ 10 chart deviate most significantly from the nominal overall false alarm rate α 0 , whereas those for the proposed chart deviate the least. In other words, in all of the 16 cases considered, the proposed procedure is most IC robust in terms of the overall false alarm rate. For example, for the Gamma(0.8,1) distribution with α 0 = 0.2, the absolute deviation of the overall false alarm rate is 96.0% for the Jones and Champ 10 chart, it is 29.8% for the Dovoedo and Chakraborti 13 chart, but it is only 0.9% for the proposed chart. Moreover, the variation among the empirical overall false alarm rates is also seen to be negligible for the proposed control chart for any given nominal probability α 0 . Thus the proposed one-sided chart is far more IC robust than both of its competitors, the Jones and Champ 10 chart and the Dovoedo and Chakraborti 13 chart. A similar simulation study was carried out for two-sided control charts and the results are presented in the Table 4 . To compute the control limits for Jones and Champ 10 charts, τ was taken to be equal to α 0 /2n, the mid-point between 0 and α 0 /n in equation (9) .
From Table 4 , we reach the same conclusion as for Table 3 . The empirical false alarm rates for the Jones and Champ 10 chart deviate most significantly from the desired overall nominal false alarm rate, whereas the proposed procedure is seen to be the most robust. In fact in all the 16 cases, the proposed procedure turns out to be the most robust. For example, for the Gamma(1.2,1) distribution, using α 0 = 0.2, the deviation is 53.1% for the Jones and Champ 10 chart, 10.7% for Dovoedo and Chakraborti 13 whereas it is only 1.6% for the proposed chart. This is a significant improvement.
A simulation study was also done to study the impact of n. It is seen that as the sample size increases the Jones and Champ 10 , Dovoedo and Chakraborti 13 procedures both become less IC robust than the proposed chart. However, the proposed chart remains almost robust for all n. As the nominal value α 0 increases, the charts other than the proposed chart deviate more significantly whereas the proposed chart shows the same robustness in terms of overall nominal false alarm rate α 0 .
Next we examine the OOC performance of the charts.
The OOC performance
To compare the out-of-control performance of the proposed charting procedure with the other two, we follow the same set up as in Dovoedo and Chakraborti 13 . We use the shift values for δ: -0.05; -0.1; -0.25; and -0. 5 . Tables 5 and 6 show the performance of the one-sided and two-sided control charts, respectively, in terms of the observed proportions of out-of-control signals. All these results are based on 100,000 simulations with n = 20. The 95% margin of error for reported results in Tables 5 and 6 is approximately 0.00295.
It is seen that the proposed charts are comparably effective in detecting an OOC situation. For example for a nominal value α 0 = 0.1, with 5 out of the 20 observations replaced by OOC observations from Expo(0.5) (δ = −0.5), the proportion of cases with at least one signal is 0.10116 = 10.116% for the proposed procedure for the one-sided Phase I control chart, while it is 0.09115 = 9.115% for Dovoedo and Chakraborti 13 and 0.10156 = 10.156% for Jones and Champ 10 chart. It may be noted that none of these charts seems entirely superior or satisfactory in respect of OOC performance. However, the key for a Phase I is a robust IC performance.
Next we illustrate the proposed control chart with an example.
6 An Illustration Table 7 shows a set of 30 failure time data generated from a Poisson distribution with a mean of 0.1. For these data n = 30, l = 8, m = 15 and u = 23. We monitor these data with the proposed Phase I chart. The center line for the proposed two-sided control chart is CL = X (15) = 6.91 and the lower and upper control limits are given by: LCL = −53.9213 and UCL = 47.2320
Since LCL < 0 we fix the lower control limit as LCL = 0. It can be seen from Figure 1 that the 11th observation 52.32 plots outside the UCL which indicates an OOC situation, that needs further invetigation. Note that for these data, neither the Dovoedo and Chakraborti 13 nor the Jones and Champ 10 control chart indicates any OOC situation.
Concluding remarks
In this paper Phase I control charts are considered for observations from an exponential distribution with an unknown mean. The proposed charts are based on the median and hence hold the IC robustness property well. In fact the proposed charts are shown to be more IC robust than both the Jones and Champ 10 and the Dovoedo and Chakraborti 13 charts currently available in the literature. Further work is necessary on the out-of-control performance of these charts.
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A The distribution of Dixon's statistic
Likes 16 proposed Dixon's 15 statistic to identify suspected observations in exponential samples. This is given by
The distribution of Z is shown to be 
